Synchronizations frequently occur in the modeling and design of distributed and concurrent systems. Designing a correct system from subsystems by considering the synchronizations of events is a difficult and complex task because it often destroys some desirable properties of subsystems and induces the whole system deadlocks. This paper formulates a property-preserving transition-reduction transformation to handle the synchronization problem in Petri net-based system design. It starts by designing correct subsystems without taking transition-reduction consideration. Synchronizations are then introduced by merging transitions of subsystems. Depending on the structure of transitions, two classes of transition-reductions are investigated. For each class, this paper shows that many structural and behavior properties can be preserved.
INTRODUCTION
Synchronizations are very important in the modeling of distributed and concurrent systems [1] . It also arises frequently in Petri net-based system design, and has been a major design issue for manufacturing systems, protocol engineering and so on. In Petri net-based design, transitions are used to model various kinds of actions; by merging some of them coming from different subsystems, synchronous communication between the subsystems can be modeled [2] . At the moment, there is a lack of general verification techniques when involving synchronization problems in Petri net-based system design. Individual techniques have to be sought for different properties and Petri net types. Only a few properties and Petri net types have been investigated. The structural relationship of the transitions has not been taken into consideration fully. This paper investigates synchronization problems based on Petri net techniques and proposes a property-preserving transition reduction transformation for designing correct Petri nets involving the synchronization issue. This approach includes the following three steps in terms of specification or verification problems.
Step 1. Modeling the system. The type of Petri net used for modeling the system under design not only determines its scope of application, but also affects the process of verification [2] . For example, in manufacturing engineering, most of the systems are modeled as finite state machines (SMs) or marked graphs (MGs) [3, 4] . This paper investigates general Petri nets.
Step 2. Formulating the synchronization problem as transition reduction transformations. For example, when an event occurs in several processes, its representations will be merged into a single transition.
Step 3. Verifying the system. To verify a system is to show whether it possesses certain properties or not.
In system design, a design specification is considered as correct if it satisfies a selected set of properties that reflect some common system features as well as certain specific problem-dependent requirements. This paper focuses only on the synchronization issue, hence, techniques for handling the other design issues are not considered. In Step 1, for example, we are not concerned about how to select a set of properties and how to create the Petri net satisfying these properties. In our approach, the Petri net created in Step 1 is assumed to be correct while ignoring the synchronization issue. The key is to require the reductions adopted in Step 2 to be able to preserve these properties. If so, the reduced Petri
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Naturally, the main objective is to derive reductions capable of preserving the specified properties. Since this capability depends on three factors, the property itself, the Petri net involved and the structural relationship among the synchronized events, it is unrealistic to expect that the same reduction can serve all combinations of them. In order to cater for as many applications as possible, two transition reduction transformations in Step 2 are formulated. For each transformation, this paper shows that many properties can be preserved automatically and some conditions are needed for ensuring preservation of other properties.
In the literature, there are many reduction transformations in terms of places and transitions. For example, [5] showed that a live and safe FC net without frozen tokens can be reduced either to a live and safe MG or to a live and safe SM. [6] provided reduction rules that reduce a live and bounded FC net to a circuit containing only one place and one transition. Well-formedness and Commoner's property can be preserved under the merge of places within a free choice net [7, 8, 9] or an asymmetric choice net [10] . [11] and [12] proved that a live and bounded MG and a persistent net can be reduced to a single transition. Based on the structure of nets, [13] and [14] developed reduction rules for generalized Petri nets and provided six reduction cases; they proved that, under some conditions, the original net's liveness, boundedness and reversibility can be preserved. [15] considered the so-called 1-way merge of a set of nonneighboring places, and P -invariants were shown to be preserved under such merge operations. [16] investigated absence of deadlocks, conservativeness and boundedness of the merged system. [17] proposed the constraints for the preservation of liveness by composition of nets via a set of places. [18] considered the problem of merging the places and transitions of two MGs. [19] extended them to augmented MGs and provided a different method for checking the preservation of liveness, boundedness and reversibility. [20] extended these results of [19] forward to general Petri nets. Using strongly connected SMs with one place being marked initially, [21] integrated a class of Petri nets through merging of common transition subnets and provided conditions, expressed in terms of siphons, under which reversibility and liveness of the integrated model are obtained. [22] showed how the individual modules interact via shared transitions and how place/transition invariant and state spaces obtain from original modules. [23] introduced three kinds of property-preserving subnet reduction methods and showed some conditions for ensuring the preservations of liveness, boundedness and reversibility.
This paper involves transition-reduction transformation of general Petri nets and the preservation of many structural and behavior properties including conservativeness, consistency, repetitiveness, liveness, boundedness, reversibility and so on.
After presenting some preliminaries of Petri nets in Section 2, Section 3 presents a definition of transforming a Petri net by reducing transitions, and shows that many structural and behavioral properties can be preserved under the transformation. In Section 4, the transformation process by reducing transitions coming from two different Petri nets is introduced and the preservation of more properties is verified. In Section 5, one example is shown to illustrate our approach and main results. A brief conclusion is given in Section 6.
FUNDAMENTALS OF PETRI NETS
This section presents the preliminaries needed for the rest of the paper.
A net is a 4-tuple N = (P , T , F, W ), where P is a finite set of places, T is a finite set of transitions such that P ∩ T = ∅ and
A net is said to be ordinary if W = 1 for all arcs, in this case, W will be omitted.
For any x ∈ P ∪ T , the preset of x is defined as
where N is a net and M 0 is an initial marking. A place p is A net N is said to be conservative (respectively, consistent, repetitive) iff there exists a |P |-vector α > 0 such that αV = 0 (respectively, |T |-vector β > 0 such that Vβ = 0, Vβ ≥ 0), where V is the incidence matrix of N. A net N is said to be strongly connected iff, for every pair of nodes (x, y), there exists a directed path from x to y. A net N is said to be an SM iff ∀t ∈ T :
Let N be a net and
A siphon is said to be minimal if it does not contain any other siphons. It is known that the union of siphons (respectively, traps) is still a siphon (respectively, trap), that a siphon remains token-free once it is free of tokens, and that a trap remains marked once it is marked. A net is said to satisfy ST-property if every siphon contains at least one trap. A Petri net is said to satisfy MST-property if every siphon contains at least one marked trap.
The following properties will be used. 
REDUCING ARBITRARY SETS OF TRANSITIONS
Transition fusion is the most natural way to combine the nets that are created from modeling object classes [2] . By the transition fusion, synchronous communication between the different object classes can be modeled. It is also very possible to handle the event synchronous problem in the same Petri net. This section proposes an approach to resolve this problem by reducing sets of transitions each into a single transition. Note that the reduced sets are arbitrary in the sense that no special restrictions are imposed on these transitions, and the resulting net may have self-loops even though the original one is pure or self-loop free. 
Reduction-of-transition (reducing arbitrary sets of transitions in a net
, be obtained from N by reducing the transitions of each Q i into q i as follows:
F is obtained from F by replacing each set of arcs of the form
Example 3.1. Suppose that the Petri net shown in Figure 1 has two transitions t 2 and t 7 needed to be processed synchronously, hence, t 2 and t 7 have to be merged into a transition, say q. Hence, the Petri net is transformed into a new one showed in Figure 2 .
In the following we will show that some structural and behavioral properties can be preserved under Reductionof-transition. Theorem 3.1 below states that P -invariants, conservativeness, structural boundedness and strong connectedness can be preserved under the Reduction-oftransition. 
(ii) N is conservative (respectively, structurally bounded, strongly connected) if N is conservative (respectively, structurally bounded, strongly connected).
Proof. The incidence matrices V and V of N and N have the following forms:
According to Reduction-of-transition, we have
(ii) Since N is conservative (respectively, structurally bounded) iff there exists α > 0 such that αV = 0 (respectively, αV ≤ 0), similar to the proof of Proposition (1), we can prove that N preserves conservativeness and structural boundedness. It is obvious that N is strongly connected if N is strongly connected.
Example 3.2. The net in Figure 1 has a positive P -invariant (1 1 1 1 4 1 2) corresponding to (p 1 p 2 p 3 p 4 p 5 p 6 p 7 ); this means that the net is conservative and thus structurally bounded. According to Theorem 3.1, after applying Reduction-of-transition to Q 1 = {t 2 , t 7 }, the net of Figure 2 has the same P -invariants, and is conservative and structurally bounded.
In general, T -invariants, consistency and repetitiveness may not be preserved under Reduction-of-transition. Theorem 3.2 below presents some conditions under which T -invariants, consistency and repetitiveness can be preserved for general nets. This theorem also will show that the consistency (respectively, repetitiveness) of reduced net N implies the consistency (respectively, repetitiveness) of the original net N . 
The orders of the elements of the vectors β and β conform with the row order of the incidence matrices of N and N , respectively.) Then, the following propositions hold for such β and β :
for 
β is a T -invariant of N . Considering the structures of β and β, it is obvious that β is a
for N , then by Equation (1), V β T = 0 (respectively, V β T ≥ 0); this means that N is consistent (respectively, repetitive). Conversely, if N is consistent (respectively, repetitive), then there exists
For example, the net of Figure 1 has a positive T -invariant β = (1 1 1 2 2 1 1) corresponding to (t 1 t 2 t 3 t 4 t 5 t 6 t 7 ). Since β(t 2 ) = β(t 7 ), according to Theorem 3.2, the net of Figure 2 has a positive T -invariant (1 1 2 2 1 1) corresponding to (t 1 t 3 t 4 t 5 t 6 q). Theorem 3.3 below states that siphons, traps and Scoverability can be preserved under Reduction-of-transition. Note that some new siphons and traps may appear after applying Reduction-of-transition; for example, the set of minimal siphons of the net N in Figure 1 is {{p 1 Figure 2 is also S-coverable. Moreover, besides these minimal siphons, N adds two new minimal siphons {p 3 , p 4 } and {p 5 , p 6 }.
(i) Siphons (respectively, traps) of N are also siphons (respectively, traps) of N . (ii) N is S-coverable if N is S-coverable.
The following theorem states that, for any Petri net, the boundedness can be preserved under Reduction-of-transition. For some special cases or special subclasses, Theorems 3.5 and 3.6 below develop, respectively, a sufficient condition to check the liveness and boundedness by applying the above some properties. 
COMPOSITION VIA MERGING MULTIPLE PAIRS OF TRANSITIONS FROM TWO NETS
The net N considered in Sections 3 is connected and the sets (Q 1 , Q 2 , . . . , Q k ) belong to the same N . This section considers another case where N is obtained from exactly two disconnected components by merging multiple pairs of transitions from each of these two components. Many structural and behavioral properties can be preserved under the Composition-MT.
Composition-MT (composition via merging multiple pairs of transitions).
Consider two disconnected pure nets 
Theorem 4.1. (Preservation of P -invariant, conservativeness, structural boundedness, strong connectedness, T -invariant, consistency and repetitiveness for general nets under Composition-MT) Let N , N 1 and N 2 be defined in Composition-MT. Let
(Note that β i has a special pattern.) Then, the following propositions hold. 
connected). (iii) β is a T -invariant of N iff β i is a T -invariant of N i
for i = 1 and 2. (iv) N is consistent (respectively, repetitive) if 2, where V i is the incident matrix of N i . N 1 and N 2 are  consistent (respectively, repetitive) if N is consistent  (respectively, repetitive) .
Proof. The incidence matrices V , V 1 and V 2 of N, N 1 and N 2 have the forms:
, 
. This means that N is consistent (respectively, repetitive). Similar to the proof of (iii), it is easy to show that N 1 and N 2 are consistent (respectively, repetitive) if N is consistent (respectively, repetitive).
Note that (i) and (iii) of Theorem 4.1 are similar to these in [14] ; the reason we list them here is for completion. The simplest case is that there is only a pair of transitions to be merged, each coming from a different net. In this case, ST-property can be preserved. It is natural to define an initial marking M 0 of the resulting Petri net under Composition-MT: However, in general, the preservation of liveness is impossible for general Petri nets under Composition-MT. In fact, one of the reasons inducing non-liveness of the resulting Petri net is that some unmarked siphons will appear after applying Composition-MT. For example, since the new siphon {p 4 , p 2 , p 6 } in Figure 4 is unmarked, the Petri net is non-liveness. By applying Theorems 4.2 and 4.3, we can obtain a simple condition to check liveness and boundedness of Petri nets. When there is only a pair of transitions to be merged, no unmarked siphons will appear and thus MSTproperty, liveness and reversibility can be preserved under Composition-MT. 
Proof. According to Condition (i), N is ordinary. Let D be any minimal siphon of N . Consider two cases.
where For MGs, the following theorem presents some simple conditions under which liveness can be preserved. Proof. According to the structure of Composition-MT and the definition of MG, N is still an MG. Consider any circuit l in N . Case 1. l contains one circuit of N 1 or N 2 . Since the liveness of (N 1 , M 1 ) and (N 2 , M 2 ) implies that every circuit in N 1 or N 2 is marked [24] , l is marked.
Case 2. l does not contain any circuit of N 1 and N 2 . Then, l must contain two transitions in C. For any c 1 , c 2 ∈ C, if there is a path from c 1 to c 2 in N 1 or N 2 , then the path contains a marked place, this means that l is also marked. Hence, every circuit of (N , M 0 ) is marked and thus (N , M 0 ) is live.
AN EXAMPLE
When considering a system specification, one may need to consider many use cases or different components to integrate a formal specification. Synchronous coupling is used frequently when we interconnect use cases where two events in different use cases are in fact same. In the above two sections, we defined two kinds of transition reduction transformations to handle the synchronization problems. In this section, we will illustrate their applications by one example.
Example 5.1. Figure 6 shows two Petri nets. It is easy to check that {p 1 , p 2 } is the unique siphon of Figure 6a and also a marked trap. It is also obvious that the net is an S-component by itself. Figure 6b has minimal siphons
CONCLUSION
Based on Petri net techniques, this paper formulated synchronization problems as a property-preserving transitionreduction transformation. It started by designing correct components without taking transition-reductions consideration. Synchronization was then introduced by merging transitions of these components. Besides, this paper showed that many structural properties, such as place-invariant, transition-invariant, siphon, trap, and some behavior properties including boundedness, liveness and reversibility can be preserved under two transformations without the need of further verification or can be checked easily. These results obtained by this paper can be regarded as an extension of [11, 12, 13, 14] . At the sametime, this approach proposed by this paper also enriches the theory for property-preserving transformation in Petri nets.
Of course, the property-preserving transition-reduction transformation method cannot be used to handle all synchronization problems, especially for some more complicated problems. Deeper insights are needed in order to investigate these complicated problems.
